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Frictionless normal indentation problem of rigid ﬂat-ended cylindrical, conical and spherical indenters on
piezoelectric ﬁlm, which is either in frictionless contact with or perfectly bonded to an elastic half-space
(substrate), is investigated. Both conducting and insulating indenters are considered. With Hankel trans-
form, the general solutions of the homogeneous governing equations for the piezoelectric layer and the
elastic half-space are presented. Using the boundary conditions for a vertical point force or a point elec-
tric charge, and the boundary conditions on the ﬁlm/substrate interface, the Green’s functions can be
obtained by solving sets of simultaneous linear algebraic equations. The solution of the indentation prob-
lem is obtained by integrating these Green’s functions over the contact area with unknown surface trac-
tions or electric charge distribution, which will be determined from the boundary conditions on the
contact surface between the indenter and the ﬁlm. The solution is expressed in terms of dual integral
equations that are converted to a Fredholm integral equation of the second kind and solved numerically.
Numerical examples are also presented. The comparison between two ﬁlm/substrate bonding conditions
is made. It shows that the indentation rigidity of the ﬁlm/substrate system is lower when the ﬁlm is in
frictionless contact with the substrate. The effects of the Young’s modulus and Poisson’s ratio of the elas-
tic substrate, indenter electrical condition and indenter prescribed electric potential on the indentation
responses are presented.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Indentation technique plays an important role in characterizing
mechanical and/or electric properties of advanced and layered
materials (Gao et al., 1992; Oliver and Pharr, 1992, 2004; Kalinin
and Bonnell, 2002; Vlassak et al., 2003; Rar et al., 2006). This
technique or experimental study relies on the solutions of the corre-
sponding contactmechanics (Sneddon, 1965). For earlier theoretical
studies, readers are referred to Sneddon (1951), Gladwell (1980),
Johnson (1985) and Sackﬁeld et al. (1993), to name a few. Yu et al.
(1990) presented analytical solutions for studying the effect of sub-
strate on the elastic properties of ﬁlms determined by indentation,
and these solutions have been adopted recently to analyze the
experiments by Han et al. (2006, 2011), Li and Vlassak (2009) and
Li et al. (2010). A simple and conceptually straightforward method
was proposed by Yu (2001) for the study of various boundary-value
problems of a transversely isotropic half-space.
Since piezoelectric materials have been widely used in various
engineering applications, theoretical studies on indentation re-
sponses of piezoelectric half-spaces have gained a lot of interests.ll rights reserved.In literature, there are two main approaches: the ﬁrst one is to for-
mulate directly a mixed boundary-value problem, which is solved
by Fabrikant’s method in the potential theory (Fabrikant, 1989,
1991). Using this method, Hanson (1992a,b) presented the exact
and explicit solutions of several important indentation problems
for elastic materials. Chen and Ding (1999), Chen et al. (1999)
and Chen (2000) conducted a series of investigations on the con-
tact problems of spherical, conical and ﬂat-ended punches indent-
ing a transversely isotropic piezoelectric half-space. Recently, Chen
et al. (2010) employed the Green’s functions of a multiferroic half-
space and derived several exact solutions for the above-mentioned
three typical rigid punches indenting the half-space. The second
approach is to use the integral transform technique to ﬁrst obtain
the basic solution, and then derive the integral equation from the
contact boundary conditions. By the Hankel transform, Giannako-
poulos and Suresh (1999) presented a general theory of indenta-
tion of piezoelectric half-space. Yang (2008) proposed an analysis
of the axisymmetric indentation of piezoelectric half-space by a
conducting indenter of arbitrary proﬁle. It is noted that the two ap-
proaches will lead to essentially the same results, which however
may be in different forms due to the different treatments involved.
In the indentation of a ﬁlm/substrate system, it has been found
that when the ratio between the ﬁlm thickness and the contact
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the ﬁlm/substrate model must be used. There are few contact anal-
yses of piezoelectric thin ﬁlms in contact with a substrate. Wang
et al. (2008) studied the axisymmetric indentation problem of a
piezoelectric ﬁlm perfectly bonded to a rigid substrate by using
the Hankel transform. This method has been extended by Wang
and Chen (2010) to investigate the frictionless normal indentation
of a ﬂat-ended cylindrical punch on a piezoelectric ﬁlm, which is
perfectly bonded to an elastic half-space. This paper considers
the frictionless normal indentation of a symmetric indenter on
the piezoelectric ﬁlm which either is in smooth frictionless contact
with an elastic substrate, or is perfectly bonded to the elastic sub-
strate. Section 2 presents the general solutions of the piezoelectric
material and the elastic half-space derived by using the Hankel
transform. In Section 3, we give the Green’s function solutions of
the layered system subjected to a vertical point force or a point
electric charge based on the above general solutions. Then in Sec-
tion 4, the Green’s function is used to directly formulate the gov-
erning integral equation, by invoking the theorem of
superposition (Hills et al., 1993), for the mixed boundary-value
problems for various rigid indenters with different geometric and
physical properties. Section 5 presents some numerical results
and the discussions. Finally, a summary is concluded in Section
6. It should be noted that the method presented in this study could
be applied to other imperfect interface models such as the linear
spring model (Hashin, 1991), the dislocation-like model (Yu,
1998; Yu et al., 2002), and the force-like model (Pan, 2003).
2. Basic formulations
2.1. Piezoelectric ﬁlm
It is assumed that the piezoelectric ﬁlm is poled in the thickness
direction. Thatmeans it exhibits the character of transverse isotropy
with the isotropic plane perpendicular to the thickness direction,
which is taken to be parallel to the z axis of the cylindrical coordi-
nate system (r,h,z). The origin of the coordinate is located on the
surface and the positive z-axis points into thematerial. The general-
ized equilibrium equations in absence of any body sources are
@rrr
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r@h
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where rij and Di are the stresses and electric displacements,
respectively.
The generalized constitutive relations for a transversely isotro-
pic piezoelectric material are
rrr ¼ c11crr þ c12chh þ c13czz  e31Ez;
rhh ¼ c12crr þ c11chh þ c13czz  e31Ez;
rzz ¼ c13crr þ c13chh þ c33czz  e33Ez;
rhz ¼ 2c44chz  e15Eh;
rrz ¼ 2c44crz  e15Er;
rrh ¼ 2c66crh;
ð2aÞ
Dr ¼ 2e15czr þ e11Er ;
Dh ¼ 2e15chz þ e11Eh;
Dz ¼ e31crr þ e31chh þ e33czz þ e33Ez;
ð2bÞwhere cij and Ei are the strains and electric ﬁelds, respectively; cij, eij
and eij are the elastic, piezoelectric and dielectric coefﬁcients,
respectively.
The strain–elastic displacements and electric ﬁeld-potential
relations are
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where ui and / are the elastic displacements and electric potential,
respectively.
Ding et al. (1996) presented a systematic study of the general
solution of the above governing equations (1)–(3) for a trans-
versely isotropic piezoelectric medium. If si (i = 0, 1, 2, 3) denote
the four material eigen-roots, we have s0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c66=c44
p
, and the
square of si (i = 1, 2, 3) satisfying the following characteristic
equation:
n1s6  n2s4 þ n3s2  n4 ¼ 0; ð4Þ
which has at least one real root, s21 ¼ k21 and possibly a pair of com-
plex roots s22;3 ¼ ðd ixÞ2 (Wang et al., 2008; Yang, 2008). The coef-
ﬁcients a, b, c and d can be found in Ding et al. (1996). Here, we
assume that the three roots of Eq. (4) are distinct, which is valid
for the material PZT-4 to be considered in our numerical examples.
Under this assumption, the general solution reads as:
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where the coefﬁcients k1i and k2i are deﬁned in Ding et al. (1996)
(see, also Ding and Chen, 2001), and wi satisfy the following
equations:
Kþ @
2
@z2i
 !
wi ¼ 0 ði ¼ 0;1;2;3Þ; ð6Þ
where zi = siz, K = @2/or2 + (1/r)@/@r + (1/r2)@2/oh2.
The general solution for axisymmetric problems can be ob-
tained by letting w0 = 0 and assuming that wi (i = 1, 2, 3) are inde-
pendent of h. Then, we have uh = 0 and
ur ¼
X3
i¼1
@wi
@r
; uz ¼
X3
i¼1
k1i
@wi
@z
; / ¼
X3
i¼1
k2i
@wi
@z
: ð7Þ
By applying the Hankel transform of order 0 to Eq. (6), we have
d2
dz2i
 n2
 !
wi ¼ 0; ð8Þ
where
wiðr; nÞ ¼
Z 1
0
wiðr; zÞJ0ðnrÞr dr; ð9Þ
and Jn is the nth Bessel function of the ﬁrst kind of order n.
The solution of Eq. (8) can be readily obtained as
wi ¼ a1iesinz þ a2iesinz; ð10Þ
which gives
zfz (or q) 
Elastic half-space
r
(0, 0)
h Piezoelectric film
Fig. 1. A piezoelectric ﬁlm/substrate system subjected to a vertical point force or a
point electric charge at point (0,0).
(a) 
p 
undeformed surface 
d 2a 
(b) 
(c) 
p undeformed surface 
d 
2a 
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p 
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Fig. 2. Three axisymmetric indenters: (a) a ﬂat-ended cylindrical indenter, (b) a
conical indenter, and (c) a spherical indenter. P denotes the total mechanical force, a
the radius of contact, and d the indentation depth.
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Z 1
0
ðai1esinz þ ai2esinzÞJ0ðnrÞndn: ð11Þ
Substituting Eq. (11) into Eq. (7), and in turn into Eq. (2), we get
ur1 ¼
Z 1
0
ur1ðn; zÞJ1ðrnÞndn; uz1 ¼
Z 1
0
uz1ðn; zÞJ0ðrnÞndn;
/1 ¼
Z 1
0
/1ðn; zÞJ0ðrnÞndn; rrz1 ¼
Z 1
0
rrz1ðn; zÞnJ1ðrnÞndn;
rzz1 ¼
Z 1
0
rzz1ðn; zÞnJ0ðrnÞndn; Dz1 ¼
Z 1
0
Dz1ðn; zÞnJ0ðrnÞndn;
ð12Þ
where
ur1ðn; zÞ ¼
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X6
t¼1
A1tðnÞMt ;
Dz1ðn; zÞ ¼
X6
t¼1
A1tðnÞNt ;
ð13Þ
the subscript 1 represents the piezoelectric ﬁlm, A1t (t = 1, . . . ,6) are
the unknown constants to be determined from the boundary condi-
tions. The deﬁnitions of It, Jt, Kt, Lt, Mt, Nt (t = 1, . . . ,6) are given in
Appendix A.
2.2. Elastic substrate
The displacements and stresses in an elastic half-space (sub-
strate) can be expressed as (Yu and Pande, 2007)
ur2 ¼
Z 1
0
ur2ðn; zÞJ1ðrnÞdn; uz2 ¼
Z 1
0
uz2ðn; zÞJ0ðrnÞdn;
rz2 ¼
Z 1
0
rz2ðn; zÞJ0ðrnÞdn; rrz2 ¼
Z 1
0
rrz2ðn; zÞJ1ðrnÞndn; ð14Þ
where
ur2 ¼ 12l2
½ðznA1 þ A3Þezn þ ðznA2 þ A4Þezn;
uz2 ¼ 12l2
f½ð3 4m2  znÞA21  A23ezn
þ ½ð3 4m2 þ znÞA22 þ A24Þezng;
rz2 ¼ f½2ð1 m2Þ  znA21  A23gezn
 f½2ð1 m2Þ þ znA22 þ A24gezn;
rrz2 ¼ f½zn ð1 2m2ÞA21 þ A23gezn
 f½ð1 2m2Þ þ znA22 þ A24gezn;
ð15Þ
the subscript 2 indicates the elastic half-space, A2m (m = 1, . . . ,4) are
the unknown constants to be determined from the boundary condi-
tions, and l2 and m2 are the shear modulus and Poisson’s ratio of the
elastic half-space, respectively. To meet the requirement that the
displacements and their derivatives should vanish for z? +1, one
has A21 = A23 = 0. Therefore, Eq. (15) can be simpliﬁed as
ur2 ¼ 12l2
ðznA22 þ A24Þezn ¼ dr2A22 þ dr4A24;
uz2 ¼ 12l2
½ð3 4m2 þ znÞA22 þ A24ezn ¼ dz2A22 þ dz4A24;
rz2 ¼ f½2ð1 m2Þ þ znA22 þ A24gezn ¼ sz2A22 þ sz4A24;
rrz2 ¼ f½ð1 2m2Þ þ znA22 þ A24gezn ¼ srz2A22 þ srz4A24:
ð16Þ3. Green’s function
Consider a piezoelectric thin ﬁlm, which is in contact with an
elastic half-space, as shown in Fig. 1. A vertical point force fz or a
point electric charge q is applied at the point (0,0) on the ﬁlm
surface.
The surface integral of the normal traction should be equal to
the point force fz, i.e.
Table 1
pI0 and aI0 for insulating indenters.a
Indenter proﬁle Flat-ended Conical Spherical
aI0 Constant a p2 d tan b
ﬃﬃﬃﬃﬃﬃ
Rd
p
pI0 4C1ad 4pC1d
2 tan b 83C1R
1=2d3=2
a The expression of C1 is given in Appendix D.
Table 3
a0 and p0 for an isotropic elastic half-space.a
Indenter proﬁle Flat-ended Conical Spherical
a0 Constant a p2 d tan b
ﬃﬃﬃﬃﬃﬃ
Rd
p
p0 4C0ad 4pC0d
2 tan b 83C0R
1=2d3=2
a C0 ¼ l21m2 .
Table 4
Materials properties of the piezoelectric material PZT-4.
c11 c12 c13 c33 c44
139 77.8 74.3 115 25.6
e31 e33 e15 e11 e33
5.2 15.1 12.7 6.461 5.62
(cij in 109 N/m2, eij in C/m2, eij in 109 F/m).
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Z 1
0
ðrz1ðr;0ÞÞr dr ¼ fz: ð17Þ
The surface integral of the normal electric displacement should be
equal to the point force q, i.e.
2p
Z 1
0
ðDzðr;0ÞÞr dr ¼ q: ð18Þ
Applying the Hankel transform of order 0 to Eqs. (17) and (18), we
get
rzðr;0Þ ¼  fz2p
Z 1
0
J0ðnrÞndn: ð19Þ
Dzðr;0Þ ¼  q2p
Z 1
0
J0ðnrÞndn: ð20Þ
Substituting the expressions of rz and Dz in Eq. (12) into Eqs. (19)
and (20) respectively, one obtains
rz1ðn;0Þn ¼  fz2p : ð21Þ
Dz1ðn;0Þn ¼  q2p : ð22Þ
Thus, when the ﬁlm/substrate system shown in Fig. 1 is sub-
jected to a vertical point force, the surface boundary conditions are
rz1ðn;0Þ ¼  fz2pn ; rrz1ðr;0Þ ¼ 0; Dz1ðr; 0Þ ¼ 0: ð23Þ
When the ﬁlm/substrate is subjected to a point electric charge, the
surface boundary conditions are
rz1ðr;0Þ ¼ 0; rrz1ðr;0Þ ¼ 0; Dz1ðn; 0Þ ¼  q2pn : ð24Þ
When the ﬁlm/substrate system has an imperfect interface, i.e., the
piezoelectric ﬁlm is in frictionless contact with an insulating sub-
strate, the interfacial conditions are
uz1ðr; hÞ ¼ uz2ðr;hÞ; rz1ðr; hÞ ¼ rz2ðr; hÞ;
rrz1ðr;hÞ ¼ rrz2ðr; hÞ ¼ 0; Dz1ðr;hÞ ¼ 0:
ð25Þ
Substituting Eqs. (12) and (14) into Eqs. (23) and (25), we obtain
a set of eight simultaneous linear algebraic equations of the eight
unknown constants Apij. These are the constants for the Green’s
function for the piezoelectric ﬁlm in frictionless contact with an
elastic and electrically insulating half-space subjected to a vertical
point force. Substituting Eqs. (12) and (14) into Eqs. (24) and (25), a
set of eight simultaneous linear algebraic equations of the un-
known constants Aeij are obtained, which are the constants for the
Green’s function of the piezoelectric ﬁlm in contact with an elasticTable 2
aC0, pC0 and Q0 for conducting indentersa.
Indenter proﬁle Flat-ended Conical
aC0 Constant a p2 ðdþ C2/0Þ tan b
pC0 4C3a(d + C2/0) 4pC3ðdþ C2/0Þ2 t
Q0 4C4a(h  C5/0) 4pC4½d ð2C5 þ C
a The expressions of Ci (i = 2, 3, 4, 5) are given in Appendix D.and electrically insulating half-space subjected to a point electric
charge. These simultaneous linear algebraic equations are given
in Eqs. (B1) and (B2) in Appendix B.
When the ﬁlm/substrate system has a perfect interface, i.e., the
ﬁlm is perfectly bonded to the substrate, the Green’s function is ob-
tained by replacing the boundary condition rrz1(r, h) = rrz2(r,h) = 0
in Eq. (25) with the classical perfect interface boundary conditions
ur1(r,h) = ur2(r,h) and rrz1(r,h) = rrz2(r,h). With these boundary
conditions, the simultaneous linear algebraic equations for the un-
known Apij and A
e
ij can be obtained in the forms similar to Eqs. (B1)
and (B2).
The other imperfect interface boundary conditions such as
those deﬁned by the linear spring model, the dislocation-like mod-
el and the force-like model can also be considered by the method
presented in this study. It is important to point out that the real
bonding condition between the ﬁlm and substrate should be in be-
tween the perfectly bonded case and the frictionless contact case.
4. Indentation analysis
Fig. 2 shows three different shapes of the axisymmetric rigid
indenters pressed frictionlessly on the surface of the piezoelectric
thin ﬁlm z = 0. The mechanic boundary conditions are
uzðr;0Þ ¼ d f ðrÞ; 0 6 r 6 a;
rzðr;0Þ ¼ 0; r > a;
rrzðr;0Þ ¼ 0; r P 0;
ð26Þ
where a is the radius of the contact area, d is the indentation depth,
and the function f(r) is prescribed by the fact that, when taking the
tip as the origin of the coordinates, the indenter proﬁle satisﬁes the
equation z = f(r). The expressions of f(r) for the three common ind-
enters in Fig. 2 are given in Appendix C.
The corresponding electric boundary condition is
Dzðr;0Þ ¼ 0; r P 0; ð27Þ
for an insulating indenter andSphericalﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rðdþ C2/0
p
anb 83C3R
1=2ðdþ C2/0Þ3=2
2Þ/0ðdþ C2/0Þ tan b 83C4R1=2ðdþ C2/0Þ1=2 d 12 ð3C5 þ C2Þ/0
 
Fig. 3. Normalized load p^ versus h/a0 for different substrate elasticity due to insulating spherical punch.
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Dzðr;0Þ ¼ 0; r > a
ð28Þ
for a conducting indenter, where /0 is the prescribed electric poten-
tial of the indenter.
According to the theorem of superposition, the indentation re-
sponse of the ﬁlm/substrate system is
uiðr; zÞ ¼
Z
A
rz0ðr0ÞUiðr; z; r0ÞdA; ð29Þ
where rz0(r0) is the unknown normal surface traction in the contact
area A due to the indentation and Ui(r,z, r0) is the Green’s function at
point (r,z) due to a vertical point force acting at point (r0, 0). For a cir-
cular area Awith radius a, the surface integration of urj (j = 1, 2) with
surface density rz0 (r0) is
urjðr; zÞ ¼
Z
A
rz0ðr0Þ
Z 1
0
uprjðz; nÞnJ1ðeRnÞdndA
¼
Z 1
0
uprjðz; nÞ
Z 2p
0
dh
Z a
0
rz0ðr0ÞJ1ðneRÞdr0 ndn; ð30Þ
whereFig. 4. Normalized load p^ versus h/a0 for different subseR ¼ j~r ~r0j ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃr2 þ r02  2rr0 cos hp ; ð31Þ
h is the angle between the position vector~r and~r0, and the super-
script p indicates the Green’s function solution for a vertical point
force. By using the Neumann theorem, the surface integral in Eq.
(30) becomes (Gray, 1919)Z 2p
0
dh
Z a
0
rz0ðr0ÞJ1ðneRÞdr0 ¼ 2pJ1ðnrÞZðnÞ; ð32Þ
where
ZðnÞ ¼
Z a
0
rz0ðr0ÞJ1ðnr0Þdr0: ð33Þ
From Eqs. (30)–(33), one obtains
urj ¼ 2p
Z 1
0
uprjðz; nÞZðnÞnJ1ðrnÞdn: ð34Þ
Similarly, the indentation response in the ﬁlm/substrate system
subjected to an unknown electric charge distribution q(r0) in the
contact area A can be expressed astrate elasticity due to conducting spherical punch.
Fig. 5. Normalized contact radius a/a0 versus h/a0 for different substrate elasticity due to insulating spherical punch.
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Z 1
0
uerjðz; nÞYðnÞnJ1ðrnÞdn; ð35Þ
where
YðnÞ ¼
Z a
0
qðr0ÞJ1ðnr0Þdr0 ð36Þ
and the superscript e denotes the Green’s function for a point elec-
tric charge. Other components of the displacement vector and stress
tensor bear the similar forms.
4.1. Insulating indenter
Substituting Eq. (34) and the expressions of stresses in the sim-
ilar forms into Eqs. (26) and (27), one has the following dual inte-
gral equations for the unknown function Z(n)
2p
Z 1
0
upz1ð0; nÞJ0ðnrÞZðnÞndn ¼ d dðrÞ; 0 6 r 6 a;
2p
Z 1
0
rpz1ð0; nÞJ0ðnrÞZðnÞn2dn ¼ 0; r > a:
ð37ÞFig. 6. Normalized contact radius a/a0 versus h/a0 for differenLetting
FðnÞ ¼ rpz1ð0; nÞZðnÞn; ð38Þ
Eq. (37) becomesZ 1
0
n1HðnÞFðnÞJ0ðnrÞndn ¼
1
2p
½d dðrÞ; 0 6 r 6 a;Z 1
0
FðnÞJ0ðnrÞndn ¼ 0; r > a;
ð39Þ
where
HðnÞ ¼ u
p
z1ð0; nÞ
rpz1ð0; nÞ
: ð40Þ
The solution of Eq. (39) can be sought in the form
FðnÞ ¼
Z a
0
uðsÞ cosðnsÞds; ð41Þ
where u(s) is the solution of the following Fredholm integral equa-
tion of the second kindt substrate elasticity due to conducting spherical punch.
Fig. 7. Normalized indentation electric charge Q^ versus h/a0 for different substrate elasticity due to conducting spherical punch.
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p
Z a
0
Gðt; sÞuðsÞds ¼WðtÞ; 0 6 t 6 a: ð42Þ
where
Gðt; sÞ ¼ 2
Z 1
0
HðnÞ
H0
 1
 
cosðnsÞ cosðntÞdn; ð43Þ
WðtÞ ¼ 1
p2H0
d Dt
Z t
0
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  r2
p dðrÞdr
  
; ð44Þ
H0 ¼ lim
n!1
HðnÞ ¼ lim
n!1
upz1ð0; nÞ
rpz1ð0; nÞ
; ð45Þ
Dt = d/dt and the expressions of W(t) for the three indenter shapes
are given in Appendix C.
Eq. (42) could be solved numerically. After obtainingu, the nor-
mal force at z = 0 can be written asFig. 8. Normalized load p^ versus h/a0 for different substrate elasticity wrzðr;0Þ ¼ 2p
Z 1
0
FðnÞJ0ðnrÞndn
¼ 2p
Z 1
0
Z a
0
uðsÞ cosðnsÞds
 
J0ðnrÞndn
¼ 2p uðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p 
Z a
r
u0ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds
 
: ð46Þ
If the indenter proﬁle is smooth, the normal force must remain ﬁ-
nite around the circle r = a. Thus the contact radius is determined
from
uðaÞ ¼ 0: ð47Þ
The indentation load is calculated according to
pI ¼ 2p
Z a
0
rzðr;0Þr dr ¼ 4p2
Z a
0
uðsÞds: ð48Þ
It is convenient to deﬁne a normalized load
p^I ¼ pIpI0
; ð49Þhen a ﬂat-ended punch indents a frictionless contact composite.
a b
Fig. 9. Normalized load p^ versus h/a0 for different substrate elasticity when a conical punch indents a frictionless contact composite.
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into the piezoelectric half-space when the indenter is insulating,
for which the contact radius is denoted as aI0. The analytical expres-
sions of pI0 and aI0 for the three insulating indenters (Wang et al.,
2008) are listed in Table 1.
4.2. Conducting indenter
Substituting Eqs. (34) and (35) and the expressions of stresses
into Eqs. (26) and (28), one obtains two dual integral equations
for the unknown functions Z(n) and Y(n)
2p
Z 1
0
upz1ð0;nÞZðnÞþ uez1ð0;nÞYðnÞ
	 

J0ðnrÞndn¼ddðrÞ; 06 r6a;
2p
Z 1
0
rpz1ð0;nÞZðnÞþ rez1ð0;nÞYðnÞ
	 

J0ðnrÞn2dn¼0; r>a;
ð50Þ
2p
Z 1
0
/p1ð0; nÞZðnÞ þ /e1ð0; nÞYðnÞ
	 

J0ðnrÞndn ¼ /0; 0 6 r 6 a;
2p
Z 1
0
Dpz1ð0; nÞZðnÞ þ Dez1ð0; nÞYðnÞ
	 

J0ðnrÞn2dn ¼ 0; r > a:
ð51ÞFig. 10. Normalized contact radius a/a0 versus h/a0 for different substrate eThe solutions of Eqs. (50) and (51) can be sought in the forms
rpz1ð0; nÞZðnÞ þ rez1ð0; nÞYðnÞ
	 

n ¼
Z a
0
u1ðsÞ cosðnsÞds; ð52Þ
Dpz1ð0; nÞZðnÞ þ Dez1ð0; nÞYðnÞ
	 

n ¼
Z a
0
u2ðsÞ cosðnsÞds; ð53Þ
where u1(s) and u2(s) are the solutions of the following two Fred-
holm integral equations of the second kind
H10 u1ðtÞ þ
1
p
Z a
0
G1ðt; sÞu1ðsÞds
 
þH20 u2ðtÞ½ þ
1
p
Z a
0
G2ðt; sÞu2ðsÞds

¼WðtÞ; ð54Þ
H30 u1ðtÞ þ
1
p
Z a
0
G3ðt; sÞu1ðsÞds
 
þ H40½u2ðtÞ
þ 1
p
Z a
0
G4ðt; sÞu2ðsÞds ¼ MðtÞ; 0 6 t 6 a; ð55Þ
wherelasticity when a conical punch indents a frictionless contact composite.
Fig. 11. Normalized total electric charge bQ versus h/a0 for different substrate elasticity when a conducting punch indents a frictionless contact composite.
Y.F. Wu et al. / International Journal of Solids and Structures 49 (2012) 95–110 103Giðt; sÞ ¼ 2
Z 1
0
HiðnÞ
Hi0
 1
 
cosðnsÞ cosðntÞdn; ð56Þ
WðtÞ ¼ d Dt
Z t
0
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  r2
p dðrÞdr
  
; ð57Þ
MðtÞ ¼ 1
p2
/0; ð58Þ
expressions of Hi and Hi0 are given in Appendix E.
Eqs. (54) and (55) could be solved numerically. Then, the nor-
mal force at z = 0 is
rzðr;0Þ ¼ 2p
Z 1
0
Z a
0
u1ðsÞ cosðnsÞds
 
J0ðnrÞndn
¼ 2p u1ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p 
Z a
r
u01ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds
 
: ð59Þ
The indentation load is
pC ¼ 2p
Z a
0
rzðr;0Þr dr ¼ 4p2
Z a
0
u1ðsÞds: ð60ÞFig. 12. Normalized load pI/pI0 versus h/a0 for different ﬁlm/subsIt is convenient to deﬁne a normalized load
p^C ¼ pCpC0
: ð61Þ
where pC0 is the total force needed to penetrate the same depth d
into the piezoelectric half-space when the electric potential of the
conducting indenter is maintained at /0.
The normal electric displacement at z = 0 is
Dzðr;0Þ ¼ 2p
Z 1
0
Z a
0
u2ðsÞ cosðnsÞds
 
J0ðnrÞndn
¼ 2p u2ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p 
Z a
r
u02ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2  r2
p ds
 
: ð62Þ
The total electric charge is
Q ¼ 2p
Z a
0
Dzðr;0Þr dr ¼ 4p2
Z a
0
u2ðsÞds: ð63Þ
It is convenient to deﬁne a normalized electric chargetrate interface conditions due to insulating spherical punch.
Fig. 13. Normalized contact radius a/a0 versus h/a0 for different ﬁlm/substrate interface conditions due to insulating spherical punch.
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; ð64Þ
whereQ0 is the total electric charge needed to keep an electric poten-
tial /0 on the conducting indenter when the indentation depth into
the piezoelectric half-space is d. The contact radius for the conduct-
ing indenter on the piezoelectric half-space is denoted as aC0 accord-
ingly. The analytical expressions of aC0, pC0 and Q0 for the three
conducting indenters (Wang et al., 2008) is given in Table 2.
The analytical expressions of the contact radius a0 and the total
mechanical loadp0when theﬁlmthicknessh = 0aregiven inTable 3.5. Numerical results
As shown in the previous section, the indentation problem is
formulated as the Fredholm integral equations Eq. (42), or Eqs.Fig. 14. Normalized load pI/p1 versus h/a0 for different indenter electrical co(54) and (55). Once the integral equation is solved, all the physical
quantities of interest can be obtained.
In this section, the integral equation is discretized in the range
[0,a] into equal subintervals and the Simpson’s integration method
is used to calculate the integral in each subinterval. In such a way,
the integral equation is reduced to a system of algebraic equations,
which can be solved easily. This algorithm has been veriﬁed by cal-
culating the indentation of an elastic ﬁlm which is in frictionless
contact with or perfectly bonded to an elastic half-space (Yu
et al., 1990) and the indentation of a piezoelectric ﬁlm perfectly
bonded to a rigid substrate (Wang et al., 2008). For both cases,
the numerical results obtained in this study are in good agreement
with those in the literature (Yu et al., 1990; Wang et al., 2008).
The material properties of PZT-4 (Giannakopoulos and Suresh,
1999) are used, as shown in Table 4. The Young’s modulus and
the Poisson’s ratio used for the elastic half-space will be shownnditions when a conical punch indents a frictionless contact composite.
Fig. 15. Normalized contact radius a/a0 versus h/a0 for different indenter electrical conditions when a conical punch indents a frictionless contact composite.
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the conical indenter b is taken to be p/4, the dimensionless radius
of the spherical indenter R/d is 2000. Generally, the coercive ﬁeld
of the PZT piezoceramics is about 106 V/m (Zhang and Zhao,
1999), thus the dimensionless prescribed electric potential on the
conducting indenter ~/0 is about 0–104. Except the numerical
examples discussing the effect of the conducting indenter with
prescribed electric potential in the last three ﬁgures of this section,
~/0 is assumed to be zero. For simplicity, we will refer to the system
of a ﬁlm frictionless contact with an elastic substrate as the fric-
tionless contact composite, and that of a ﬁlm perfectly bonded to
an elastic substrate as the perfectly bonded composite.
Introduce the following dimensionless materials constants
~c11 ¼ c11=c44; ~c12 ¼ c12=c44; ~c13 ¼ c13=c44;
~c33 ¼ c33=c44; ~c44 ¼ 1;
~e31 ¼ e31=e33; ~e15 ¼ e15=e33; ~e33 ¼ 1;
e11 ¼ e11c44=e233; e33 ¼ e33c44=e233;
ð65ÞFig. 16. Normalized load p^ versus h/a0 for different substrand the dimensionless quantities
~rr ¼ rr=c44; ~rz ¼ rz=c44; ~rrz ¼ rrz=c44; ~Dz ¼ Dz=e33;
~d ¼ d=h; ~/ ¼ /e33=ðhc44Þ:
ð66Þ
To show the effect of the shear modulus ratio between the ﬁlm
and substrate on the indentation responses, the values of the
dimensionless substrate shear modulus, l2/c44 in the range from
5 to 0.2 will be used. Unless stated otherwise, the Poisson’s ratio
of the substrate is assumed to be 0.25. The indentation load by
an insulating indenter pI is normalized by pI0, and the indentation
load by a conducting indenter pC is normalized by pC0. The sub-
script I indicates the solutions for the insulating indenter; the sub-
script C indicates the solutions for the conducting indenter. With
the zero prescribed electric potential condition, solutions of con-
tact radius aI0 and aC0 are equal to a0, which are given in Tables
1–3. The contact radius aI0 or aC0, and the ﬁlm thickness h are nor-
malized by a0. For conducting indenter, the indentation electric
charge Q is normalized by Q0. The subscript 0 indicates the solutionate Poisson’s ratios due to insulating spherical punch.
Fig. 17. Normalized contact radius a/a0 versus h/a0 for different Poisson’s ratios due to insulating spherical punch.
Fig. 18. Normalized load p^ versus h/a0 for different ~/0 when a conducting spherical punch indents a frictionless contact composite with l2/c44 = 2.
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ﬁned in Section 4. Taking the spherical indenter as example, Figs.
3–7 show the normalized load p^, normalized contact radius a/a0
and normalized indentation electric charge Q^ versus h/a0 for differ-
ent ﬁlm/substrate modulus ratio. The numerical results of friction-
less contact ﬁlm/substrate and perfectly bonded ﬁlm/substrate
systems are given for comparison. It can be seen that the increasing
of the substrate modulus will increase the indentation load needed
to penetrate the same depth. The contact radius and indentation
electric charge will also increase with increasing substrate stiff-
ness. This substrate effect can be ignored when h/a0P 10. In fact,
as the normalized ﬁlm thickness changes from 0 to 1, the solu-
tions of the indentation responses vary from the solutions for an
elastic half-space composed of the elastic substrate material to
the solutions for a piezoelectric half-space composed of the piezo-
electric ﬁlm material. It is shown that when the substrate is stiffer
than the ﬁlm, the normalized load and contact radius are largerthan 1 and they are smaller than 1 when the substrate is softer
than the ﬁlm. For normalized indentation electric charge, it varies
between the range [0,1].
The indentation responses versus h/a0 for ﬂat-ended cylindrical
indenter and conical indenter are shown in Figs. 8–11. Only the re-
sults when the ﬁlm is in frictionless contact with the substrate are
presented. The results show that the variations of the curves are
quite similar for all three indenter shapes.
The difference in the indentation responses for the ﬁlm in fric-
tionless contact with and perfectly bonded to a substrate due to
spherical punch are shown in Figs. 12 and 13. When the ﬁlm is
in frictionless contact with the substrate, the vanishing of the
interfacial shear stress between the ﬁlm and substrate reduces
the rigidity of the ﬁlm/substrate system comparing with the per-
fectly bonded system. For perfectly bonded system, the variations
of the curves are almost monotonous. However, due to the fric-
tionless interface between the ﬁlm and the substrate, certain
Fig. 19. Normalized contact radius versus h/a0 for different ~/0 when a conducting spherical punch indents a frictionless contact composite with l2/c44 = 2.
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lar, when the stiffness difference between the ﬁlm and the sub-
strate is small such as the cases considered in Fig. 12, the load
decreases to a minimum value at ﬁrst, then increases and ap-
proaches to the piezoelectric half-space solution. It seems that
the two components in the frictionless contact composite interact
with each other in a very complicate way due to the presence of
frictionless interface. The complicate interaction also leads to
complex variation of the contact radius, see Fig. 13. As the ﬁlm
thickness varies from 0 to 1, the contact radius ﬁrst increases
from a0 (not clearly shown in Fig. 13 due to the logarithmic coor-
dinate) to a certain maximum value, then decreases and arrives at
a minimum value, and afterwards increases again and ﬁnally ap-
proaches a0. For perfectly bonded composite, only one peak or
trough appears in the curves. Similar phenomenon has actuallyFig. 20. Normalized total electric charge bQ versus h/a0 for different ~/0 when a condbeen found by Yu et al. (1990) for the indentation of an elastic
ﬁlm/substrate system. Having shown the different indentation re-
sponses of frictionless contact and perfectly bonded system, the
following discussions will be mainly focused on the ﬁlm in fric-
tionless contact with the substrate.
Figs. 14 and 15 compare the indentation responses due to insu-
lating and conducting punch, in which both pI and pC are normal-
ized by p1 (p1 is the indentation load needed to penetrate the
same depth d into the elastic half-space l2/c44 = 1). It is shown that
when h/a0 < 1, the indentation loads are almost the same for both
punches. When h/a0 > 1, the load due to conducting punch is smal-
ler than that due to insulating punch. In the other word, the piezo-
electric ﬁlm looks to be softer under a conducting indenter than
under an insulating indenter. Correspondingly, the contact radius
is larger for a conducting indenter than for an insulating indenter.ucting spherical punch indents a frictionless contact composite with l2/c44 = 2.
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on the indentation responses. It is shown that the increasing of
Poisson’s ratio will increase both the indentation load and the
contact radius. These results indicate that the role of Poisson’s ratio
may not be regarded as trivial in interpreting the indentation re-
sponse of a composite system.
Wang et al. (2008) studied the indentation of piezoelectric ﬁlm
perfectly bonded to a rigid substrate, and they presented the ana-
lytic solutions of the indentation responses of an inﬁnitely thin pie-
zoelectric ﬁlm. Our solution of the indentation load is found to be
identical to that given by Wang et al. (2008) when the elastic mod-
ulus of the substrate approaches inﬁnite and the interface is per-
fect. The following comments are also made regarding the two
solutions: (1) in Wang et al.’s analysis, two sources of approxima-
tion were introduced due to the use of Taylor series expansion as
well as the Johnson’s assumption (i.e. plane sections remain plane
after compression) so that closed-form solution could be obtained
for the indentation of inﬁnitely thin piezoelectric ﬁlm, while our
solution is always exact, but with more complex formulas; (2) they
assumed that the substrate is rigid, for which the zero-thickness
ﬁlm solution is meaningless, as opposed to our solution, which be-
comes actually the solution for an elastic half-space and (3) Wang
et al.’s solution for an inﬁnitely thin ﬁlm solution deals with the ri-
gid substrate case only, while our solution can account for the sub-
strate elasticity.
Figs. 18–20 consider the effect of the prescribed electric poten-
tial on the indentation responses due to conducting punch. From
the analytic solutions shown in Table 2, it can be seen that the elec-
tric potential /0 appears in the items (d + C2/0) and (h  C5/0) in
the solutions. Substituting the dimensionless material properties
into the expressions, C2 and C5 are in the range [1,10]. And the
dimensionless prescribed electric potential on the conducting in-
denter ~/0 usually used in practice is about 0–104. In the following,
the dimensionless indentation depth ~d ¼ d=h is assumed to be 103
in order to highlight the effect of ~/0 on the indentation responses.
The indentation responses are normalized by the solution of the
piezoelectric half-space due to conducting punch with zero pre-
scribed electric potential. It is shown that the indentation load
and the contact radius increase as ~/0 increases. The effect is obvi-
ous when h/a0 > 1, and is small when h/a0 < 1. On the other hand,
the indentation electric charge is very sensitive to ~/0. When the
prescribed electric potential increases, the indentation electric
charge will decrease, even to a negative value when ~/0 is consider-
ably large.6. Conclusions
This paper studies the indentation responses of the normal
frictionless indentation of a piezoelectric ﬁlm in contact with an
elastic half-space by insulating or conducting rigid indenters with
three types of axisymmetric shapes. The ﬁlm is in smooth contact
with and perfectly bonded to an elastic substrate. Using the Han-
kel transform, the general solutions of the piezoelectric layer and
the elastic half-space are obtained. Introducing the boundary con-
ditions for the singularity caused by a vertical point force or a
point electric charge and the ﬁlm/substrate interfacial boundary
conditions, the Green’s function of the system can be obtained
by solving a set of simultaneous linear algebraic equations.
Employing them with the contact boundary conditions, we obtain
the dual integral equations, which can be transformed to the
Fredholm integral equation of the second kind and solved
numerically.
Numerical results indicate that all the solutions vary from the
solutions of the elastic half-space composed of the substrate mate-
rial to the solutions of the piezoelectric half-space composed of thepiezoelectric ﬁlm material as the ratio of the piezoelectric ﬁlm
thickness and the contact radius h/a0 varies from 0 to1. Compared
with the case when the ﬁlm and the substrate are perfectly bonded
together, the frictionless contact interfacial boundary condition
will reduce the effective stiffness of the substrate and hence the
indentation rigidity of the ﬁlm/substrate system, and lead to a
complex variation of the contact radius when the ﬁlm stiffness
c33 is about the same as the stiffness of the substrate. The substrate
elastic property has a considerable effect on the indentation load
and the contact radius (of conical and spherical indenters). The in-
crease of the Young’s modulus and Poisson’s ratio of the substrate
will increase the indentation load and contact radius. Comparing
the results for different indenter electric property, we ﬁnd that
the effective piezoelectric ﬁlm stiffness is softer when the system
is subjected to a conducting indenter (with zero electric potential)
than an insulating indenter. When the prescribed indenter electric
potential is non-zero, the application of the electric voltage will in-
crease the mechanical load and contact radius, reduce the indenta-
tion electric charge.
All the substrate effect could be ignored when the piezoelectric
ﬁlm thickness, h, is ten times larger than the analytic solution of
contact radius, a0. The inﬂuences of the substrate elastic property
on the indentation responses should be considered when
h/a0 6 1. The inﬂuence of the indenter electrical condition on the
indentation responses is found to be signiﬁcant when h/a0 > 1. This
study should be useful for choosing a priori the approximate ﬁlm
thickness, substrate elasticity and indenter electric condition for
the accurate measurement of the piezoelectric ﬁlm properties in
the indentation test.Acknowledgments
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Appendix A. Expressions in the solution of piezoelectric ﬁlm
The deﬁnitions of It, Jt, Kt, Lt, Mt, Nt (t = 1, . . . ,6) in Eq. (13) are
I1 ¼ ek1nz;
I2 ¼  cosðxnzÞednz;
I3 ¼  sinðxnzÞednz;
I4 ¼ ek1nz;
I5 ¼  cosðxnzÞednz;
I6 ¼ sinðxnzÞednz:
ðA1Þ
J1 ¼ b1ek1nz;
J2 ¼ ðb21 cosðxnzÞ þ b22 sinðxnzÞÞednz;
J3 ¼ ðb21 sinðxnzÞ  b22 cosðxnzÞÞednz;
J4 ¼ b3ek1nz;
J5 ¼ ðb41 cosðxnzÞ  b42 sinðxnzÞÞednz;
J6 ¼ ðb41 sinðxnzÞ  b42 cosðxnzÞÞednz:
ðA2Þ
K1 ¼ c1ek1nz;
K2 ¼ ðc21 cosðxnzÞ þ c22 sinðxnzÞÞednz;
K3 ¼ ðc21 sinðxnzÞ  c22 cosðxnzÞÞednz;
K4 ¼ c3ek1nz;
K5 ¼ ðc41 cosðxnzÞ  c42 sinðxnzÞÞednz;
K6 ¼ ðc41 sinðxnzÞ  c42 cosðxnzÞÞednz:
ðA3Þ
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L2 ¼ ½e15c21  c44ðdþ b21Þednz cosðxnzÞ;
þ ½e15c22  c44ðx b22Þednz sinðxnzÞ;
L3 ¼ ½e15c22  c44ðxþ b22Þednz cosðxnzÞ;
 ½e15c21  c44ðd b21Þednz sinðxnzÞ;
L4 ¼ ½e15c3  c44ðk1 þ b3Þek1nz;
L5 ¼ ½e15c41  c44ðdþ b41Þednz cosðxnzÞ;
þ ½e15c42  c44ðxþ b42Þednz sinðxnzÞ;
L6 ¼ ½e15c42  c44ðxþ b42Þednz cosðxnzÞ;
 ½e15c41  c44ðdþ b41Þednz sinðxnzÞ:
ðA4ÞM1 ¼ ½c13 c33k1b1 e33k1c1ek1nz;
M2 ¼ ½c13 c33db21þ c33xb22 e33dc21þ e33xc22ednz cosðxnzÞ;
þ½c33xb21 c33db22 e33xc21 e33dc22ednz sinðxnzÞ;
M3 ¼½c33db22 c33xb21 e33dc22 e33xc21ednz cosðxnzÞ;
½c13 c33xb22þ c33db21 e33xc22þ e33dc21ednz sinðxnzÞ;
M4 ¼ ½c13þ c33k1b3þ e33k1c3ek1nz;
M5 ¼ ½c13þ c33db41 c33xb42þ e33dc41 e33xc42ednz cosðxnzÞ;
þ½c33xb41 c33db42 e33xc41 e33dc42ednz sinðxnzÞ;
M6 ¼½c33db42þ c33xb41þ e33dc42þ e33xc41ednz cosðxnzÞ;
½c13 c33xb42þ c33db41 e33xc42þ e33dc41ednz sinðxnzÞ:
ðA5ÞN1 ¼ ½e31 e33k1b1þ e33k1c1ek1nz;
N2 ¼ ½e31 e33db21þ e33xb22þ e33dc21 e33xc22ednz cosðxnzÞ;
þ½e33xb21 e33db22þ e33xc21þ e33dc22ednz sinðxnzÞ;
N3 ¼½e33db22 e33xb21þ e33dc22þ e33xc21ednz cosðxnzÞ;
½e31 e33xb22þ e33db21þ e33xc22 e33dc21ednz sinðxnzÞ;
N4 ¼ ½e31þ e33k1b3 e33k1c3ek1nz;
N5 ¼ ½e31þ e33db41 e33xb42 e33dc41þ e33xc42ednz cosðxnzÞ;
þ½e33xb41 e33db42þ e33xc41þ e33dc42ednz sinðxnzÞ;
N6 ¼½e33db42þ e33xb41 e33dc42 e33xc41ednz cosðxnzÞ;
½e31 e33xb42þ e33db41þ e33xc42 e33dc41ednz sinðxnzÞ:
ðA6Þ
where
bðsÞ ¼c11e11m3s
2þ c44e33s4
ðm1m2s2Þs ;cðsÞ ¼
c11e15m4s2þ c44e33s4
ðm1m2s2Þs ;
m1 ¼ e11ðc13þ c44Þþ e15ðe15þ e31Þ;
m2 ¼ e33ðc13þ c44Þþ e33ðe15þ e31Þ;
m3 ¼ c11e33þ c44e11þðe15þ e31Þ2;
m4 ¼ c11e33þ c44e15ðc13þ c44Þðe15þ e31Þ;
b1 ¼ bðk1Þ; c1 ¼ cðk1Þ;
b21þ ib22 ¼ bðdþ ixÞ; c21þ ic22 ¼ cðdþ ixÞ;
b3 ¼ bðk1Þ; c3 ¼ cðk1Þ;
b41þ ib42 ¼ bðd ixÞ; c41þ ic42 ¼ cðd ixÞ:
ðA7ÞAppendix B. The simultaneous linear algebraic equations
The simultaneous linear algebraic equations of the unknown
constants for the Green’s function solution of a piezoelectric ﬁlmin frictionless contact with an elastic and electrically insulating
half-space subjected to a vertical point force are
L1z¼0 L2z¼0 L3z¼0 L4z¼0 L5z¼0 L6z¼0 0 0
M1z¼0 M2z¼0 M3z¼0 M4z¼0 M5z¼0 M6z¼0 0 0
N1z¼0 N2z¼0 N3z¼0 N4z¼0 N5z¼0 N6z¼0 0 0
J1z¼h J2z¼h J3z¼h J4z¼h J5z¼h J6z¼h dz2z¼h dz4z¼h
L1z¼h L2z¼h L3z¼h L4z¼h L5z¼h L6z¼h 0 0
0 0 0 0 0 0 srz2z¼h srz4z¼h
M1z¼h M2z¼h M3z¼h M4z¼h M5z¼h M6z¼h sz2z¼h sz4z¼h
N1z¼h N2z¼h N3z¼h N4z¼h N5z¼h N6z¼h 0 0
266666666666664
377777777777775
Ap11
Ap12
Ap13
Ap14
Ap15
Ap16
Ap22
Ap24
266666666666664
377777777777775
¼
0
 fz2pn
0
0
0
0
0
0
0BBBBBBBBBBBBB@
1CCCCCCCCCCCCCA
:
ðB1Þ
The simultaneous linear algebraic equations of the unknown
constants of the Green’s function solution of a piezoelectric ﬁlm
in frictionless contact with an elastic and electrically insulating
half-space subjected to a point electric charge are
L1z¼0 L2z¼0 L3z¼0 L4z¼0 L5z¼0 L6z¼0 0 0
M1z¼0 M2z¼0 M3z¼0 M4z¼0 M5z¼0 M6z¼0 0 0
N1z¼0 N2z¼0 N3z¼0 N4z¼0 N5z¼0 N6z¼0 0 0
J1z¼h J2z¼h J3z¼h J4z¼h J5z¼h J6z¼h dz2z¼h dz4z¼h
L1z¼h L2z¼h L3z¼h L4z¼h L5z¼h L6z¼h 0 0
0 0 0 0 0 0 srz2z¼h srz4z¼h
M1z¼h M2z¼h M3z¼h M4z¼h M5z¼h M6z¼h sz2z¼h sz4z¼h
N1z¼h N2z¼h N3z¼h N4z¼h N5z¼h N6z¼h 0 0
266666666666664
377777777777775
Ae11
Ae12
Ae13
Ae14
Ae15
Ae16
Ae22
Ae24
266666666666664
377777777777775
¼
0
0
 q2pn
0
0
0
0
0
0BBBBBBBBBBBBB@
1CCCCCCCCCCCCCA
:
ðB2ÞAppendix C. Expressions of f(r) and W(t) for three types of
indenters
Flat-ended indenter
f ðrÞ ¼ 0; WðtÞ ¼ 1
p2H0
d: ðC1Þ
Conical indenter
f ðrÞ ¼ r cot b; WðtÞ ¼ 1
p2H0
d pt
2
cot b
 
: ðC2Þ
Spherical indenter
f ðrÞ ¼ r
2
2R
; WðtÞ ¼ 1
p2H0
d t
2
R
 
: ðC3ÞAppendix D. Expressions of Ci
The expressions of Ci in Tables 1 and 2 are
C1 ¼ B6B7  B5B8B1B8  B2B7 ; C2 ¼
B1B6  B2B5
B4B5  B3B6 ; C3 ¼
B6B3  B5B4
B1B4  B2B3 ;
C4 ¼ B3B8  B4B7B1B4  B2B3 ; C5 ¼
B1B8  B2B7
B3B8  B4B7 ;
ðD1Þ
where Mi (i = 1,2, . . . ,8) are given by
B1 ¼ b1 þ b22L1=L3; B2 ¼ b21 þ b22L2=L3;
B3 ¼ c1 þ c22L1=L3; B4 ¼ c21 þ c22L2=L3;
B5 ¼ M1 M3L1=L3; B6 ¼ M2 M3L2=L3;
B7 ¼ N1  N3L1=L3; B8 ¼ N2  N3L2=L3:
ðD2ÞAppendix E. Expressions of Hi(i = 1, 2, 3, 4)
The expressions of Hi in Eqs. (54)–(56) are
H1ðnÞ ¼
upz1ð0; nÞDez1ð0; nÞ  uez1ð0; nÞDpz1ð0; nÞ
rpz1ð0; nÞDez1ð0; nÞ  rez1ð0; nÞDpz1ð0; nÞ
; ðE1Þ
110 Y.F. Wu et al. / International Journal of Solids and Structures 49 (2012) 95–110H2ðnÞ ¼
uez1ð0; nÞrpz1ð0; nÞ  upz1ð0; nÞrez1ð0; nÞ
rpz1ð0; nÞDez1ð0; nÞ  rez1ð0; nÞDpz1ð0; nÞ
; ðE2Þ
H3ðnÞ ¼
/p1ð0; nÞDez1ð0; nÞ  /e1ð0; nÞDpz1ð0; nÞ
rpz1ð0; nÞDez1ð0; nÞ  rez1ð0; nÞDpz1ð0; nÞ
; ðE3Þ
H4ðnÞ ¼
/e1ð0; nÞrpz1ð0; nÞ  /p1ð0; nÞrez1ð0; nÞ
rpz1ð0; nÞDez1ð0; nÞ  rez1ð0; nÞDpz1ð0; nÞ
; ðE4Þ
and Hi0 are
Hi0 ¼ lim
n!1
HiðnÞ ði ¼ 1;2;3;4Þ: ðE5ÞReferences
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